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Qualitative, Objective Likelihoodism

1 The Law of Likelihood

The law of likelihood (LL) asserts that a piece of evidence E “favors”
hypothesis Hy over Hy if P(E|H;) > P(E|Hs).! Sober argues that some
of the greatest scientific achievements — from Darwin’s arguments for com-
mon ancestry to Eddington’s argument that the bending of light during an
eclipse favors Einstein’s theory of relativity — are applications of LL.2 More-
over, proponents of LL argue that it provides an “objective” standard for
evidence that Bayesian measures of confirmation, which depend upon an ex-
perimenter’s subjective (prior) credences, cannot.?> But likelihood functions
are sometimes not intersubjectively shared, and conversely, some Bayesian
“priors” are shared because they encode historical data. So in what sense,
if any, is LL an “objective” standard of evidence?

In this paper, I provide a precise framework for characterizing the ob-
jectivity of statistical principles, i.e., theses like LL and the related like-
lihood principle (LP) that characterize either (i) when a single piece of
evidence favors one hypothesis over another (and to what degree) or (ii)
when two pieces of evidence are “equivalent.”* Roughly, I argue that one
statistical principle is more objective than another if the set of (potentially
hypothetical) agents who endorse the former contains the set of agents who

'"Hacking [1965], Royall [1997], and [Edwards, 1984]

2Sober and Steel [2015], [Sober, 2015, p. 82]

3Royall [1997, p. 10-11], for example, writes, “Whereas [LL] measures the support for
one hypothesis H; relative to a specific alternative Hz, without regard either to the prior
probabilities of the two hypotheses or to what other hypotheses might also be consid-
ered, the law of changing probability [which measures support by the difference between
P(H|E) and P(H)] measures support for H relative to a specific prior distribution over H
and its alternatives ... The law of changing probability is of limited usefulness in scientific
discourse because of its dependence on the prior probability distribution, which is gen-
erally unknown and/or personal.” T have changed Royall’s notation slightly. Concerning
the related likelihood principle, [Berger and Wolpert, 1988, p. 67] claim, “It should be
observed, first of all, that the LP is entirely objective, stating only that the evidence about
e is contained in the likelihood function.”

41 borrow the phrase “statistical principles” from [Wasserman, 2012], who is critical of
LP. For defenses of LP, see [Birnbaum, 1962] and [Berger and Wolpert, 1988].



endorse the latter. There are at least two common reasons one principle
might be more objective than another in this sense: (1) the former might
be acceptable to agents with more diverse beliefs and values, and (2) the
latter may be acceptable only to agents meeting implausibly strict “coher-
ence” or “rationality” constraints. Here, my analysis of objectivity draws
on a long tradition in philosophy of science [Douglas, 2009, Lloyd, 1995,
Longino, 1990, Potter, 2006].°

In section two, I use this framework to explain why probabilistic prin-
ciples like LL and LP characterize evidential considerations that are accept-
able (in a sense to be clarified) to the community consisting exclusively of
Bayesian agents. My results make precise one sense in which LL and LP are
more objective standards for evidence than measures of confirmation that
rely on prior probabilities.

My results are preliminary. But the framework I introduce, I believe,
is philosophically important because it provides a method for finding new
plausible statistical principles. Specifically, my framework allows one (1)
to investigate whether LP, which characterizes sufficient conditions for ev-
idential equivalence, also provides necessary conditions or whether some
alternative principle is needed, (2) to extend LL to composite hypotheses
in a systematic fashion, and (3) to motivate and justify purely qualitative
analogs to LL and LP.

In section three, I investigate statistical principles for agents who fail
to adhere to Bayesian coherence norms. Specifically, I state qualitative
analogs of LL and LP and, using the same framework described in section
two, I prove the qualitative principles would be endorsed by a community
of agents whose members might have non-additive, non-normalized, non-
Archimedean credences. My results are important because they suggests
that, to reject Bayesians’ conclusions about stopping rules, for example,
classical statisticians might need to reject extremely weak coherence axioms.

I should note that “qualitative” axioms for probability are well under-
stood and predate the standard, quantitative probability theory due to Kol-
mogorov.® What is novel about section three is the use of qualitative axioms

®Gelman and Hennig [2017] argue that statisticians ought to abandon discussions of
“objectivity” in favor of clearer concepts like “transparency”, “consensus”, and more. The
concepts Gelman and Hennig identify, I believe, are similar to the various philosophical
concepts of objectivity I discuss below.

SFor discussions of qualitative probability relations, see [Keynes, 2004] [Koopman,
1940a,b], [De Finetti, 1937], and [Savage, 1972, Chapter 3]. For conditions under which
those qualitative relations are representable as probability functions, see [Fishburn, 1986]

and [Krantz et al., 2006].



and a definition of intersubjective agreement to derive purportedly objec-
tive likelihoodist principles that (a) constrain the set of acceptable statistical
techniques but (b) do not entail Bayesianism.

2 Intersubjectivity and Statistical Principles

2.1 Statistical Problems and Interpretations of Probability

Let © represent the simple hypotheses under investigation; a composite
hypothesis H C O is a disjunction of simple hypotheses.” Let £ repre-
sent the experiments that might be performed. Each experiment E € &
has a set of possible outcomes €2, which represents the data one might ob-
tain. Statisticians assume that, for each experiment E and each hypothesis
0 € O, there is a probability measure P;* over Qg. The function Py (-) is
called a likelihood function. Bayesians claim that, when an experiment
E is conducted, a rational scientist’s credences ought to be representable by
a function () that assigns probabilities to both hypotheses in © and experi-
mental outcomes in Qg

For example, imagine we find a coin and want to know if it’s biased
towards heads. One experiment E; consists in flipping the coin ten times;
another Eo consists in flipping the coin until two heads are observed. In Eq,
the set of possible outcomes (2, contains all binary sequences of length ten,
representing the ten coin flips. In Eg, the set {lg, contains all finite binary
sequences containing exactly two ones (representing the two heads), where
the last digit is one (because flipping stops after the second head).

Among statisticians, the set of hypotheses ® would typically be repre-
sented by the unit interval [0, 1], where § € © represents the hypothesis that,
on a given thrown, the coin’s bias (i.e. chance of landing heads) is precisely
0. A likelihood function szl in experiment E; specifies how likely various
sequences of ten tosses of the coin are, if the coin’s bias equals 6.

Philosophers, however, should carefully distinguish scientific hypothe-
ses, like “The coin is evenly weighted”, from statistical hypotheses, like
“The coin’s bias is 1/2 and flips are iid.” Statistical hypotheses, in my ter-
minology, determine a probability distribution over experimental outcomes,
whereas a scientific hypothesis may determine a distribution only in con-
junction with additional background hypotheses. For example, the scientific
hypothesis “The coin is evenly weighted” entails the “The coin’s bias is 1/2

"To avoid unnecessary measure-theoretic complications, I assume that the set of hy-
potheses O is finite and that the set of experimental outcomes is countable. I also assume
all probability measures are defined on the appropriate power set algebra.



and flips are iid” if one makes additional assumptions about who or what
is throwing the coin (e.g., that it is not a machine designed to throw only
heads).

Scientists are typically interested in testing scientific hypotheses, not just
statistical ones. For instance, although a psychologist might officially test
the statistical hypothesis that a purported psychic is no better than chance
in predicting a coin flip, she likely wants to test the scientific hypothesis that
precognition does not exist. Nonetheless, scientists often share theoretical
commitments and beliefs about measurement techniques that allow one to
treat an idealized statistical hypothesis as if it were entailed by a scientific
hypothesis (and so a test of the former is a test of the latter).

The distinction between statistical and scientific hypotheses is important
for interpreting a likelihood function PéE. Some statisticians and philoso-
phers claim that likelihood functions are more objective than an experi-
menter’s credences over hypotheses.® But in what sense are likelihoods more
“objective?” If 6 represents a true statistical hypothesis, then PéE specifies
the probability of obtaining particular data in virtue of the meaning of 6.
In contrast, if 0 represents a scientific hypothesis — and this is almost al-
ways the case — then P;E might be best interpreted as representing widely
shared credences about how likely various data are under supposition that
the hypothesis represented by 6 is true. Thus, when scientific hypotheses
are under investigation, claiming that prior probabilities are more “subjec-
tive” than likelihoods is sometimes misleading. The difference between the
two probability functions is often a matter of degree, not kind: likelihoods
are more “objective” because, in virtue of shared theoretical commitments,
more scientists share likelihood functions than share priors.

If likelihood functions often represent (shared) subjective credences, one
might conjecture that LL and LP are likewise “more objective” simply be-
cause they characterize when a diverse group of learners will agree about
some evidential question. That is roughly the conclusion of the next two
subssections.

8See quotation in footnote 3 from [Royall, 1997, p. 10-11]. See also [Fisher, 1956, p.
59] who writes, “Probabilities obtained by a fiducial argument are objectively verifiable
in exactly the same sense as probabilities assigned in games of chance.”



2.2 Law of Likelihood and Favoring

Although proponents (and critics) of the law of likelihood (LL) agree that
“favoring” is not a pre-theoretic notion,” they nonetheless agree that certain
intuitions about “favoring” can be used in support or criticism of LL. Ob-
serving 95 heads in 100 tosses of a coin, for instance, intuitively favors the
hypothesis that the coin is weighted (vs. not). But many proponents of LL
distinguish evidence that favors a hypothesis from evidence that justifies be-
lieving a hypothesis [Royall, 1997]. A bloody glove, for example, favors the
hypothesis H that a suspect is guilty, but if the suspect has a trustworthy
alibi, then a juror is not justified in believing H.

Further, an observation may favor one hypothesis over another, without
providing good evidence for either. For example, imagine a white metal
object is found near a tin mine and emits a bluish-white color when burned.
Then the evidence favors the hypothesis that the object is cerium (which
burns blue) over the hypothesis that it is cadmium (which burns red). Intu-
itively, however, the evidence best supports the hypothesis that the object
is tin (which burns bluish-white) and neither cerium nor cadmium.

Here is one natural way of formalizing how some philosophers use the
word “favoring.” Consider the example again in which you find a silvery
object near a tin mine that emits a bluish-white color when burned. Call
that evidence E. Let Hp represent the hypothesis that the object is cerium
and let Hs denote the hypothesis the object is cadmium. Normally, E would
not increase in your confidence in either Hy or Hy. However, if you knew
all along that either H; or Hy is true, then intuitively, ' ought to increase
your confidence in H;. This is how I will explicate “favoring.”

Formally, suppose @, which represents an agent’s credences, is a proba-
bility measure that assigns probabilities to both hypotheses and data. Let
supp(Q) = {0 € © : Q(A) > 0} be the set of simple hypotheses that the
agent assigns positive probability; supp(Q) is called the support of @ in
0. Given a set of experiments &, I say an agent’s conditional degrees of
belief match likelihoods over € if Q(-|0) = PE(-) for all E € € and all
0 € supp(Q). As discussed in §2.1, statisticians typically assume that likeli-
hood functions are widely shared, and so it’s reasonable to restrict attention
to agents whose credences match likelihoods.

Let E be an outcome of an experiment . Given two hypotheses Hy, Hy C
© such Hy N Hy = (), say E Bayesian favors H; to Hs if Q(Hq|H; UHs) <
Q(H1|EN(H1UHz)) (or equivalently Q(Ha|H1UH>z) > Q(Hz| EN(HUH>)))

9See [Sober, 2015, p. 81] and [Fitelson, 2007]. See [Chandler, 2013] for a discussion of
“intuitive” support for a collection of related principles about “favoring.”



whenever () matches likelihoods. In other words, evidence E Bayesian favors
one hypothesis H; to another Hy if every Bayesian (no matter her prior)
would be more confident in H; upon learning F, assuming she knew either
H, or Hy were true.

Theorem 1 Suppose © is finite. Then E Bayesian favors Hy to Hy if and
only if minge pr, P;E(E) > maxge i1, Pg‘:(F). When Hy = {61} and Hy = {02}
are simple hypotheses, it follows that LL entails that E favors Hy to Hs (i.e.,
Py (E) > Py(E)) if and only if E Bayesian favors H to Hy.

I do not claim that theorem 1 is mathematically deep. Further, [Chan-
dler, 2013][Observation 5] has discussed the right-to-left direction in the
special case in which H; and Hy are simple hypotheses. The left-to-right di-
rection, however, has an important philosophical consequence. Namely, even
if likelihood functions represent (shared) subjective credences, there is a pre-
cise sense in which LL is an “objective” evidential principle: it characterizes
precisely when all Bayesians, regardless of prior beliefs and values/utilities,
will agree about when one piece of evidence favors one hypothesis to another.

I should contrast Theorem 1 with existing work. Some philosophers
and statisticians have advocated extending LL to composite hypotheses as
follows:

T E favors Hy to Hj if and only if supyep, Py(E) > supge, Po(E).

The ratio supge g, Po(E)/ supgep, Po(E) is also used in likelihood ratio tests
[Casella and Berger, 2002, §8.2.1, p. 375]. t has two virtues: (i) it reduces to
LL when the hypotheses are simple and (ii) it is entailed by the conjunction
of LL and two fairly intuitive axioms [Bickel, 2012]. Yet { conflicts with what
some Bayesians will regard as evidence because t entails that E favors H;
over Hs in some cases in which there are priors @ for which Q(H|H1UH>) >
Q(H1|EN(H1UH,)), i.e., cases in which some rational agents’ comparative
confidence in H; would be reduced upon observing E. Theorem 1 provides
an alternative generalization of LL that (i) also reduces to LL when the
hypotheses are simple, (ii) is consistent with Bayesianism by design, and
(ili) saves many of the same intuitions as T because it entails one direction of
1. Perhaps most importantly, my method for deriving an alternative version
of LL — by securing it in intersubjective agreement — provides a principled
way of finding other evidential principles, including purely qualitative ones,
which I will describe in upcoming sections.



2.3 Comparing Pieces of Evidence

Theorem 1 is a corollary of another result that will motivate my general
framework for deriving qualitative statistical principles. Two pieces of evi-
dence E' and F' might favor the same hypothesis, but F might be stronger
evidence than F'. For instance, 75 heads in a 100 tosses favors the hypoth-
esis that a coin is biased towards heads, but 90 heads in a 100 tosses seems
to favor that hypothesis even more. If the definition of “Bayesian favoring”
correctly formalizes intuitions about evidence, then it is natural to gener-
alize that definition as follows. Given two hypotheses Hi, Ho C © such
H, N Hy = (), say E Bayesian favors H; to Hy at least as much as F
does if Q(H:1|E N (Hy U Hsy)) > Q(H1|F N (H; U Hy)) for all priors @ that
match likelihoods. In other words, observing E would raise one’s confidence
in Hy at least as much as F' if one knew H; or Hs to be true. By definition,
E Bayesian favors H; to Hs (simpliciter) if and only if £ Bayesian favors
Hy to Hy at least as much as Q. So theorem 1 follows from the next result.

Theorem 2 Suppose O is finite, and let EE and F' be outcomes of experi-
ments 1 and Eo respectively. Then E Bayesian favors Hy to Hy at least as
much as F does if and only if

min Py (E)/ max Py (E) > max Py (F)/ min Py*(F).

I should contrast theorem 2’s implications with existing proposals for
measuring evidential strength. Some philosophers and statisticians argue
that the ratio supycp, P;El(E) / SUPge 1, PéEl(E) is a numerical measure of
how strongly evidence F favors Hy over Hs. That thesis is strictly stronger
than LL, which does not entail the degrees of “favoring” can be numerically
quantified. Proponents of the stronger thesis are, therefore, committed to
the claim that E is stronger evidence for Hy over Hy if () supgey, P;El (E)/supgep, Pg:l (E) >
SUDge i1, P(;EQ(F )/ SUbgep, Pgb (F). Theorem 2 entails that the inequality =
might hold, and yet, one’s confidence in H; might be lower upon learning F
than upon learning F'. Intuitively, stronger evidence for a hypothesis ought
to increase one’s confidence more than weaker evidence, and so theorem
2 suggests the ratio supge g, P;,El (E)/supgep, PéEl (E) is not an appropriate
measure of evidence. For the same reason, theorem 2 speaks against virtually
every numerical measure of confirmation other than the so-called “difference
measure” Q(H|E)— Q(H), which depends upon the prior probability of the
hypothesis H.1°

10See [Evans, 2015] for a list of proposed measures of confirmation.



Although I will not defend so here, my suspicion is that debates about
measures of confirmation are misguided because they presume that strength
of evidence (i.e., confirmation) is numerical. Yet no argument, to my knowl-
edge, establishes that one can always compare the strengths of two different
pieces of evidence, let alone that those strengths can be quantified on some
meaningful scale (e.g., interval or log). My definition of Bayesian favoring
is compatible with the claim that certain pieces of evidence are incompa-
rable in strength. Why? It’s possible that E raises one Bayesian agent’s
confidence more than F' does, but F' raises a second’s confidence more than
E. In such a case, the two agents disagree about which piece of evidence
is stronger. To claim that evidence is numerically quantifiable seems to en-
tail that, when such disagreements arise, either (i) one agent is wrong in
virtue of having irrational degrees of belief or (ii) both agents are correct
because strength of evidence is merely personal/subjective in the sense that
it is always a function of a single agent’s degrees of belief. Both options
are too radical, I think. The first is incompatible with the intuition that
reasonable disagreement is possible, and the second is in tension with the
fact that often there is widespread agreement about which experimental
outcomes would favor particular hypotheses, even when there is substantial
reasonable disagreement about how likely the hypotheses are.

One might conjecture that it’s too demanding to require all Bayesians
to agree that some piece of evidence is stronger than another and that such
a requirement would entail that, more often than not, two pieces of evidence
will be incomparable in strength by that standard. As it turns out, however,
theorem 2 entails that the definition of Bayesian favoring agrees with fairly
robust intuitions about evidence, like the intuition that, all other things be-
ing equal, a larger sample provides more evidence than a smaller one.

Example 1: Let E; be an experiment in which a coin is tossed 10 times
and Es be an experiment in which a coin is tossed 100 times. Let H; be the
hypothesis “The coin is fair” and let Hy be any hypothesis of the form “The
coin has bias 6” where 6 # 1/2. Then observing fifty heads in Eo Bayesian
favors Hqi over Ho more than observing five heads in E;. 1!

The example is important because recent work by [Vieland, 2017] pro-
poses to supplement LL by additional constraints on numerical measures
of confirmation, and chief among those constraints is the requirement that
larger samples are typically better. I stress that this fact falls naturally out

1 Contact the author for a proof.



of the definition of Bayesian favoring, and so no ad hoc additional evidential
principles are required.

As the example shows, theorem 2 allows one to compare pieces of ev-
idence E and F' that might be outcomes of distinct experiments E; and
Es. It is, therefore, natural to ask when pieces of evidence from different
experiments are equally informative. This is what the likelihood principle
was proposed to do.

2.4 LP and Evidential Equivalence

Let {Pfi}gee (1 = 1,2) be the likelihood functions associated with the
experiments [E; and [Eg respectively; the experiments may be distinct or the
same. Here, I assume that the same set of hypotheses © is being tested
in both experiments. The likelihood principle (LP) asserts that, given
an outcome F of E; and an outcome I of Eo, if there is a constant ¢ > 0
such that PéEl (E) = c-P;EQ (F), then E and F are evidentially equivalent.
The notion of evidential equivalence is undefined, but it is typically assumed
that, if £ and F' are evidentially equivalent, then one ought to draw the same
inferences about the hypotheses in © upon learning E and as one would upon
learning F'.

For example, suppose there are two experiments designed to test among
three hypotheses 01, 2, and 03; the likelihoods of observing various outcomes
are described in the table below. LP entails that observing A in Experiment
1 is evidentially equivalent to observing C' in Experiment 2 because the
probability of observing C is, no matter what hypothesis is true, always
twice that of observing A.

Experiment 1 Experiment 2
Observe A | Observe B Observe C
0, | 10% 90% 01 | 20%
0y | 20% 80% 0o | 40%
03 | 5% 95% 03 | 10%

Here is a controversial application of LP. Consider the experiment E; in
which a coin is flipped exactly ten times versus an experiment Eo in which
the coin is flipped until two heads are observed. Let E be the event that
two heads are observed in the first experiment and F' be the event that ten



tosses are made in the second. If 6 is the bias of the coin, then:

PyYE) = <120> 6%(1 — 0)® and

PR(F) = (?)%(1-9)8.

Letting ¢ = (5)/(]) = 5, it follows that P,"(E) = c- Py*(F). Thus, LP
entails that E and F' are evidentially equivalent.

LP is controversial, in part, because it is intimately connected to Bayesian-
ism. How so? The following calculation (which is well-known) shows that if
an agent’s credences matches likelihoods and there is some ¢ > 0 such that
szl (E) = c-PéE2 (F) for all 0, then Q(-|E) = Q(-|F), i.e., the agent’s degrees
of belief upon learning £ would be same as they would be upon learning F'.
Let H C © be any (simple or composite) hypothesis. Then:

ENnH
Q(HI|E) = Q(Q(;)) definition of conditional probability
s QEN{O
= 20etn Pp(Q) ( 1)) law of total probability
Zeesupp(Q) Q(E N {9})

 DbeHnsupp(Q) Py (E) - Q(6)

B 20 supp(Q) Py (E)-Q(0)

D beHnsupp(Q) € Py (F) - Q(6)
 Cocami@ ¢ Pt (F) - Q(0)
_ 20 Hnsupp(Q) P2(F)-Q(0)

Z965upp(Q) P;EQ (F) : Q(G)
= Q(H|F) reversing the above steps

because Q(-|0) = Py(-) for all § € supp(Q)

as Py (E) = c¢- Py*(F)

canceling ¢

This is why Bayesianism is often said to entail LP.

To motivate my framework, it will help to introduce some terminology.
Suppose E and F' are outcomes of experiments E; and Es respectively; 1
assume neither that E; # Es nor that F # F. Say F and F are Bayesian
posterior equivalent relative to © if Q(H|E) = Q(H|F) for all hypotheses
H C O and all all priors ) that match likelihoods, i.e., all Bayesian agents’
would update on F in the same they would be upon learning F'. As shown
above, if LP entails that two events F and F' are evidentially equivalent (i.e.,
if PéEl (B) = c~P§E2(F) for some ¢ > 0 and all #), then E and F' are Bayesian
posterior equivalent. The converse is also true.

10



Theorem 3 The following three statements are equivalent:

1. LP entails that E and F are evidentially equivalent.
2. E and F are Bayesian posterior equivalent.

3. For any two disjoint hypotheses Hy and Ho, E Bayesian favors Hy to
Hj at least as much as F' and vice versa (i.e., Q(Hi|EN(HyUHz)) =
Q(Hi|F N (Hy U Hy)) for all priors Q that match likelihoods).

See the appendix for a proof. Although the theorem is mathematically
simple, it’s philosophically significant. The theorem says that LP charac-
terizes precisely when all Bayesians will agree that two pieces of evidence
are equivalent.'? In other words, if the objectivity of LP is grounded in its
concordance among Bayesians, then there are no other principles character-
1zing evidential equivalence. Furthermore, the theorem shows that LP, like
LL, is in a sense derivable from a more general principle: that one piece of
evidence for a hypothesis is stronger than another when it raises all Bayesian
agent’s degrees of belief to a greater extent (i.e., when one piece of evidence
Bayesian favors the hypothesis more than another).

Like the definition of Bayesian favoring, the definition of Bayesian evi-
dential equivalence captures strong intuitions about the value of larger sam-
ples.

Example 2: Imagine you find an urn with balls with k& many different
colors, but you do not know how many balls of each color are in the urn. So
you're interested in testing various hypotheses of the form “Half the balls
are yellow; one quarter are red, and one quarter are blue.” Let [£; be the
experiment in which n many balls will be drawn from the urn, and let E9 be
the experiment in which m > n many balls will be drawn. Then no sample
from experiment [E; is Bayesian posterior equivalent to a sample from [Eo.

2.5 Likelihoodism, Bayesianism, and Objectivity

My argument for the objectivity of LL and LP differs in important ways
from existing defenses of the objectivity of frequentist and Bayesian infer-

12 A caveat: LP concerns experiments with the same parameter space ©. One might wish
to draw evidential comparisons between outcomes of experiments E; and Eo2 with distinct
parameter spaces © xI't and © x 'y if (i) if I'; and I’z are sets of nuisance parameters that
affect the likelihood functions in E; and Eg, but (ii) the experimenter is only interested
in which member of © is actual. The non-informative nuisance parameter principle is
the only evidential principle I know linking experiments with different parameter spaces
[Berger and Wolpert, 1988]; more research is needed here.
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ence. Drawing on [Lloyd, 1995], Douglas [2009] distinguishes eight senses
of “objectivity” that are sought in science. In Douglas’ terminology, I have
argued LL and LP could be used in highly concordantly objective processes.
A process is concordantly objective if it is guaranteed to produce some
type of agreement among scientists. Theorem 1 entails that, if a committee
of Bayesian scientists agree to take a particular action if the evidence gath-
ered in an experiment (Bayesian) favors H; over Hs, then it suffices for the
lead experimenter to announce what LL says — and forgo describing all of
the data — in order for the scientists to reach an agreement.

Statisticians and philosophers frequently defend the concordant objec-
tivity of Bayesian reasoning in a different way, namely, by appealing to
“merging of opinions” theorems [Blackwell and Dubins, 1962, Huttegger,
2015, Kalai and Lehrer, 1994, Schervish and Seidenfeld, 1990, Stewart and
Nielsen, 2018]. Roughly, these theorems entail that if two Bayesian agents
assign positive probability to the same events, then the two agents are cer-
tain that, as data accumulates, their posterior probabilities will “merge”
to assigning probability one to the same set of events in the limit. Savage
[1967, p. 316] summarizes the theorems as follows:

[Subjective Bayesianism/] does thus require holders of extremely
diverse sets of opinions to agree closely with one another when
presented with suitable common evidence. This alone seems to
me an adequate model of the objectivity of scientific knowledge.

Importantly, such theorems concern asymptotic agreement, and although
one can sometimes use the proofs to extract constructive bounds on sample
size by which certain levels of agreement are reached, no philosophers, to my
knowledge, have shown that merging of opinions is likely given the Bayesian
models used in practice. In contrast, although my argument promises a
far weaker type of agreement (as the agents need not agree upon how likely
various events are), Theorems 3 and 1 make no assumptions about the indef-
inite collection of data and therefore apply to experiments with even small
samples.

Unfortunately, my arguments thusfar provide little reason to believe like-
lihoodist methods are objective in two other senses in which other statistical
methods are thought to be.

First, merging-of-opinions theorems ought to be distinguished from Bayesian
consistency theorems, which assert that, in a wide variety of circum-
stances, if data is collected indefinitely, a single Bayesian agent’s posterior
will concentrate on the true hypothesis, as long as she is sufficiently open-

12



minded.'® Of course, consistency theorems can be used to derive merging-
of-opinions theorems: two agents who eventually both believe the truth
will also eventually agree. But the converse need not hold. Consistency
theorems, therefore, undergird an argument that Bayesian reasoning has
manipulable objectivity in Douglas’ terminology: they show that, with
enough data, Bayesians’ credences will match the world in a particular way.
Classical /frequentist methods are typically defended in the same way, i.e.,
by showing an estimator is unbiased, consistent, etc.

Although my arguments thusfar do not support the claim that likeli-
hoodist methods possess manipulable objectivity in this sense, the the max-
imum likelihood estimator (MLE) is consistent in many settings [Casella
and Berger, 2002, Theorem 10.1.12] and the MLE is a standard likelihoodist
method. There is also growing research characterizing in what sense the
likelihood ratio is a “truth-tracking” measure of evidence [Lele, 2004]. My
results do not, I conjecture, suggest that one is obliged to use any particular
type of estimator, however. More research is necessary here.

Second, Sprenger and Hartmann [2019, §11.5] argue that Bayesian rea-
soning possesses interactive objectivity, which is similar to concordant
objectivity but requires agents to reach consensus via dialogue, debate, and
negotiation. Employing an interesting case study of precognition research,
Sprenger and Hartmann argue that the Bayesian practice of making one’s
prior probability function public allows scientists to more quickly identify
methodological assumptions, to pinpoint errors, to find sources of disagree-
ment, to propose alternative methods for analyzing data, and to correct any
problems in others’ reasoning.

I do not see a way of defending LP and LL as contributing to an inter-
actively objective process. Likelihood functions are often shared, and that
suggests that the acceptance of a likelihood function is the result of an in-
teractively objective process in which scientists ascertain which statistical
hypotheses follow from their joint theoretical commitments. A close case
study of liklihoodist methods in practice — like Sprenger and Hartmann’s
case study of Bayesianism — is necessary here.

2.6 Objectivity and Coherence

Philosophers who are skeptical of Bayesian coherence norms, however, might
think all of the arguments thusfar concern only a very thin type of objec-

13See [Savage, 1972, §3.6, pp. 47-49] and [Diaconis and Freedman, 1986a]. For conditions
under which Bayesian updating is not consistent, see [Freedman and Diaconis, 1982],
[Freedman and Diaconis, 1983],[Diaconis and Freedman, 1986b], and [Diaconis et al., 1998].
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tivity. Because Bayesian rationality is overly demanding, the community of
agents that are required to endorse LP and LL is rather small. In what ways
is Bayesianism too demanding?

Bayesianism famously requires logical omniscience. How so? The re-
quirement that one’s credences are representable by a function entails that
one’s credence in an event ought not depend upon how the event is described;
so rational agents must recognize logically equivalent descriptions of the
same event, no matter how complex the equivalence.'* Of course, Bayesians
recognize that logical omniscience is an idealization. Fallible agents, like
you and me, hopefully assign increasingly higher credence to more tautolo-
gies over time and become more rational by Bayesian standards. But few
philosophers would hold the average person epistemically blameworthy for
failing to recognize that some complex mathematical theorem is a logical
consequence of the axioms of set theory.

Recognizing that certain Bayesian norms are idealizations, however, raises
a problem for my defense of the objectivity of LP and LL. If few people meet
Bayesian constraints, then showing that all Bayesians would endorse LL and
LP is not convincing evidence that those statistical principles are highly
intersubjective. In the next section, therefore, I argue that there are qual-
itative analogs of LL and LP that can be endorsed by agents meeting weak
coherence norms that dot not require neither logical omniscience (as degrees
of belief need not be normalized); the analog of LP does not even require
that one’s credences be “additive” in the way probabilities are.

3 Qualitative Likelihoodism

To develop qualitative versions of LL and LP, I simply replace two types
of probability functions — likelihoods and priors — with qualitative orders
satisfying particular properties.

Let F be an algebra over © x Qp; the set F represents the events over
which agents have credences. Suppose Fq, is an algebra on {2g such that
{©xA:Ae Fo,} CF. Here, Fo, represents the set of observable events
over which the agent has credences, rather than the events concerning the
hypotheses ©. I assume there is a weak order (i.e., a reflexive, total, and
transitive binary relation) C on Fq, x ©. The idea is that A|§ T Bin

1Kolmogorov’s axioms concern functions on o-algebras, but many philosophers state
probability axioms for functions of sentences in some formal language (e.g., [Talbott,
2013]). When axiomatized in the latter way, logical omniscience is entailed by the additiv-
ity axiom and the requirement that all tautologies are assigned probability one; together,
those axioms require that logically equivalent sentences be assigned the same probabilities.
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represents the claim that “experimental outcome B is at least as likely under
supposition 7 as outcome A is under supposition 6.” I write A|§ = B|0 if
A|0 T B|6 and vice versa. The relation C is the qualitative analog of the
set of likelihood functions in an experiment.

Bayesians assume that an agent’s conditional credences are representable
conditional probabilities. I weaken that assumption and assume that agents’
credences are representable by a weak ordering <. More precisely, let A =
© x Q. T assume there is some set of events N' C F that the agent thinks are
maximally unlikely; N stands for “null.” I will assume beliefs are represented
by a binary relation < on F x (F\N) satisfying a soon-to-be specified subset
of the axioms below. The idea is that a relation < represents an agent’s
suppositional beliefs, in the sense that A|B < C|D if the agent regards C as
at least as likely under supposition D as A would be under supposition B.

Here are some plausible coherence axioms that for an agent’s supposi-
tional beliefs. For all A, B,C € F (or F \ N if the symbol appears to the
right of the | sign)

C0. A|f < B|nif and only if A|§ C B|n, i.e., agents agree upon likelihoods,
Cl. < is a weak ordering,
C2. Ae F\N;and A € N if and only if A|A ~ (]A

— Here, A|B ~ C|D if and only if A|B < C|D and vice versa.

C3. A. AJA~ B|B, and
B. AJA > A|B.

C4. ANB|B ~ A|B,

C5. Suppose ANB = A'NnB = 0. If A|IC > A’|C’ and B|C > B'|C’,
then AU B|C > A’ U B'|C’'; moreover, if each hypothesis is >, then
the conclusion is >.

C6. Suppose C C BC Aand C' C B'C A’ If B|JA < C'|B’ and C|B <
B'|A’, then C|A < C'|A’. Further, the inequality in the consequent of
that conditional is strict if either inequality in the antecedent is strict.

C7. Every standard sequence is finite, where a sequence Aj, As, ... is stan-
dard if (i) A,, C A4 for all n, and (ii) A;|A2 ~ Ay|Ans1 < AJA for
all n.
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As noted above, statisticians typically assume that likelihood functions
are widely shared, which is why axiom CO requires that agents share the
qualitative likelihood ordering C. The remaining axioms C1-C7 are [Krantz
et al., 2006]’s axioms for qualitative conditional probability, and it is easy
to see they are necessary for the ordering < to be representable as a con-
ditional probability function. A well-known result in [Kraft et al., 1959]
shows the axioms are not sufficient for the ordering to have a probabilistic
representation.

In the last section, I explained why many philosophers (including me)
believe that Bayesian coherence requirements are too strict. Some of the
above axioms are closely analogous to the axioms for probability theory,
and so my goal is to derive qualitative versions of LL and LP using as few of
the axioms as possible. Which are most suspect?

Axiom C3B is perhaps most questionable; it is the analog of the thesis
that rational agents must assign probability one to all tautologies, which
would entail that rational agents must never be unsure about the truth of a
mathematical theorem, no matter how complex. Axiom C5 is likewise sus-
pect, as it’s analogous to the probability axiom that P(¢V) = P(¢)+ P (1))
when ¢ and v are inconsistent. One should expect C5 is most problem-
atic, therefore, in conjunction with Axiom C3B. Why? If one assumes (i)
P(p) = 1 for all tautologies ¢ and (ii) P(¢ V ¢) = P(p) + P(¢) when ¢
and 1 are inconsistent, it follows that P(¢) = P(¢) for any two logically
equivalent formulae ¢ and ¢, even when ¢ and ¢ are contingent. That is
the requirement that rational agents must be logically omniscient. So one
might expect the conjunction of C5 and C3B to have similarly implausible
implications.

Axioms C1 and C7 are also questionable, though less-so than C3B and
C5. Axiom C1 (together with CO) entails that qualitative likelihoods are
totally ordered, i.e., that A|¢ < Bln or B|n < A|f for any two simple
hypotheses 6 and 1. But as noted above, it’s not clear that agents will always
agree that two events are comparable in probability, let alone which event
is more likely. Axiom C7, which is called an Archimedean principle, entails
that it’s irrational for an agent to assign “infinitely” greater probability to
some events rather than others. While it’s not entirely obvious, Archimedean
principles like C7 often require rejecting widely-accepted weak-dominance
principles in decision theory [Pedersen, 2014].

In the following two subsections, I show that one can derive qualitative
versions of LL and LP that forgo the use of these controversial coherence
constraints.
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3.1 The Qualitative Law of Likelihood

LL asserts that, when H; and Hy are simple hypotheses, F favors Hi to
H, if Py, (E) > Pu,(E). The obvious qualitative analog, therefore, is the
following;:

Qualitative Law of Likelihood (QLL): If H; and Hj are simple hypotheses,
then E favors H; to Ho if E|H; > E|Ho.

In the quantitative case, I showed LL was equivalent to Bayesian favoring.
Recall, I motivated the definition of Bayesian favoring by appealing to the in-
tuition that evidence E favors one hypothesis H over another if and only if E
raises all rational agents’ confidence in H. To try to capture that intuition, I
defined F to Bayesian favor Hy to Hs if Q(H1|EN(H1UH2)) > QH1|H1UH>)
for all priors ) that match likelihoods. That definition of “favoring”, how-
ever, is plausible only if one assumes that all rational agents satisfy Bayesian
coherence norms. But an analogous definition might work. Let C be a set
containing CO and some subset of the axioms C1-C7. Say F € Fg, C-favors
H, to Hy if Hi|E N (Hy U Hy) > Hy|H; U Hy for all orderings < satisfy-
ing the axioms in C. The goal is characterize C-favoring (for various subsets
of the axioms C1-C6) using only features of the shared likelihood relation C.

Theorem 4 Suppose © is finite and that Hy, Ho C © are disjoint hypothe-
ses. Let C contain the axzioms CO, C1, C3A and C4}-C6. If E|0, C E|0; for
all 01 € Hy and 0y € Ho, then E C-favors Hy to Ho. In the special case in
which Hy = {01} and Hy = {62} are simple hypotheses, therefore, E C-favors
Hy to Hs if QLL entails that E favors Hy to Ho (i.e., if E|Hy C E|Hy).

The reader should compare theorems 4 and 1. I conjecture the converse
of theorem 4 is true, but I do not yet have a proof.

Although theorem 4 makes essential use of C5, it avoids the other prob-
lematic coherence constraints of Bayesianism. First, the proof does not
require that Axiom C2, and so it does not require that A has a probability,
let alone that its probability is maximal as Axiom C3B asserts. In fact,
the conjunction of axioms C0, C1, C3A and C4-C6 is compatible with the
claim that there is no maximal degree of conditional probability. Second,
although the proof does use Axiom C1, it does so in a rather limited fashion:
one need only assume that agents’ suppositional beliefs are total over the
smallest algebra of events containing {E'} U H; U Ha. In other words, the
proof requires only that agents agree on how likely the evidence F given H;
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and Hs, and it does not require that agents agree about the likelihood of
other events. Finally, it makes no use of Axiom C7 at all and is therefore
compatible with endorsing weak-dominance principles.

3.2 A Qualitative Likelihood Principle

Two experimental outcomes F and F' were defined to be Bayesian eviden-
tial equivalent if all agents satisfying Bayesian axioms for rationality would
update their degrees of belief upon learning E' in the same way they would
upon learning F. By analogy, let C be a set containing C0O and some subset
of the axioms C1-C7. Say A, B € Fq, are C-evidentially equivalent if,
for all orderings < satisfying the axioms in C, we have §|A < n|A if and only
if |B < n|B for all §,n € ©. In other words, A and B are C-evidentially
equivalent if all agents satisfying the rationality axioms in C agree that their
judgments about the various hypotheses will be the same whether they learn
A or B. The goal is characterize C-evidential equivalence (for various subsets
of the axioms C0-C6) using only features of the shared likelihood relation C.

Example 3: Suppose C is any collection of orderings satisfying C0, C1, C4,
and C6. We claim that if A|§ = Bl for all § € O, then A and B are C
evidentially equivalent.

Example 4: Suppose C is the set of all orderings satisfying C0, C1, C4,
and C6. Suppose further that A|¢ = B|6 and B|¢' C A|¢'. Then A and B
are not C-evidentially equivalent.

See the appendix for proofs of the conclusions of both examples. Before
proving a qualitative analog of Theorem 3, I must introduce an alternative
to Axiom 6, which I think is more intuitive than C6.

Axiom C6’: Suppose C C BC Aand C' C B' C A'. If B|A < B’|A" and
C|B < C'|B’, then C|A < C'|A’. Further, the inequality in the consequent
of that conditional is strict if either inequality in the antecedent is strict.

Axiom C6’ is derivable from Axioms C1-C6, and it’s just as “axiomatic”
as C6. So I will make use of it below. To motivate a qualitative version of
LP, suppose that {Gg}gco is a collection of events such that

L PQ(E) = PQ(F N Gg) for all 9,

II. F and Gy are independent with respect to Py for all § € ©, and
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III. Py(Gy) = Py(Gy) > 0 for all 8,1 € ©.

By III, there is a single number ¢ > 0 that is equal to Py(Gy) for all 6 € ©.
Assumptions I and II then imply that Py(E) = Py(F N Gg) = Py(F) -
Py(Gy) = c- Pyp(F) for all 6. So by LP, the events E and F' are evidentially
equivalent. If we can find qualitative analogs of assumptions (I) - (III),
then we might likewise be able to find conditions characterizing evidential
equivalence for qualitative conditional probabilities satisfying C0-C6.

With this motivation, given an ordering < and three events X, Y, and
Z, define Y 15X if Y|X N Z ~ Y|Z. Here, X 13Y is analogous to the
probabilistic claim that X and Y are conditionally independent given Z.

We're now in a position to prove that there is a qualitative analog of
Theorem 3. Recall that A|f = B|n means A|6 C B|n and vice versa. So
Conditions 1 and 3 in the following theorem concern the shared qualitative
likelihoods; only Condition 2 is about qualitative priors.

Theorem 5 Let C be a collection of orderings satisfying C0-C2, C4, and
C6°. Suppose that {Cp}loco is a collection of sets of Fq, such that

1. A0 = BN Cylh for all 6 € O,

2. BJ_GSCQ for all 6 € © and all <€ C (i.e., all agents in C regard B and
Cy as conditionally independent given @),

3. Cgl0 = Cyl|n for all 0,n € O.

Then A and B are C-evidentially equivalent.

See the appendix for a proof. The reader should compare the three
conditions of the theorem to conditions I-IIT above.

Notice that the axioms necessary for Theorem 5 include neither a qual-
itative additivity axiom (C5) nor the qualitative analog of the probabilistic
axiom requiring the entire space to have probability one (C3), and those are
the axioms that entail that Bayesian agents are logically omniscient when
probabilities must be assigned to formulae in a formal language.

There are at least two disanalogies between theorems 3 and 5. First,
theorem 3 is a biconditional. In contrast, theorem 5 provides only sufficient
conditions for C-evidential equivalence, and the converse of the theorem is
false. Why? The existence of the events {Cp}pco in theorem 5 amounts
to a “richness” requirement on the algebra of events. In the quantitative
case, two pieces of evidence A and B might have proportional likelihood
functions without there being a set of events with the properties attributed
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to {Cyploco. However, if one assumes a fairly strong richness requirement
on the algebra of events, the converse of theorem 5 is true, but I remain
agnostic to its importance.!?

Second, LP characterizes when pieces of evidence from possibly different
experiments are equivalent, whereas theorem 5 concerns the outcomes of a
single experiment.

4 Conclusions and Future Research

I have argued that LL and LP can be understood as objective evidential prin-
ciples, in the sense that a community of agents who satisfy weak rationality
axioms and who share judgments about likelihood functions can use LL and
LP to come to an agreement about (a) when evidence favors one hypothesis
over another and (b) when two pieces of evidence are equivalent. My results
are preliminary, and so technically-inclined readers, I hope, will be excited
by the number of philosophically-motivated and mathematically-tractable
questions that are left open by the above results.

For readers who are sympathetic to Bayesian confirmation theory, one
might wish to ask whether my framework can be used to motivate particular
numerical measures of confirmation in restricted settings. For readers who,
like me, think Bayesian coherence norms are implausible, the number of
open questions is enormous. What are necessary conditions for C-favoring
and C-evidential equivalence for various subsets of the axioms above? What
is the quantitative analog of theorem 2, which characterizes when a piece
of evidence E favors Hy over Hy more than F favors Hi over Hy? Do
other common statistical principles (e.g., sufficiency, conditionality, and the
stopping rule principle) have qualitative analogs, and what coherence axioms
are necessary for deriving them? And can other defenses of the objectivity of
Bayesian methodology — for example, those grounded in merging-of-opinion
and consistency theorems — likewise be extended to agents meeting weaker
coherence constraints?
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5 Appendix

5.1 Quantitative versions of LL and LP

Proof of Theorem 1: Suppose that Hi, Hy C O are two (possibly com-
posite hypotheses) such that Hy N Hy = (). Our goal is to show the following
two assertions are equivalent:

1. Q(H1|E N (Hy U H)) > Q(Hi|Hy U Hy) for all priors () that match
likelihoods, and

2. mingeHl PQ(E) > maxge [, P@(E)

Proof of 1 = 2: Let 61 € H; be such that Py, (E) < Py(E) for all § € H;.
Similarly, let 63 € Ha be such that Py, (E) > Py(E) for all § € Hy. Consider
the prior @ such that Q(0;) = Q(62) = 1/2. Thus, Q({61,62}) = 1 and so

Q(HHE N {91, 92}) = Q(@ﬂE) and
Q(011{01,02}) = Q(61) =1/2

Thus, by assumption it follows that
T Q(01|E) = Q(HL|EN(Hy UH>)) > Q(H|Hy U Hs) =1/2.
Now

QUH1|E) = Q(0h|E)
_ Q(E]6) - Q61)
Q(E)
_ Q(E|01) - Q(61)
Q(E|01) - Q(01) + (E|02) - Q(62)
_ Py, (E) - Q(6)
B P91 (E> : Q(el) + P92(E) : Q(HQ)
_ P91(E)
Py, (E)+ Py,(E)

by Bayes’ theorem

because Q({01,02}) =1

because () matches likelihoods

because Q(01) = Q(62)
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The last line and the equation labeled f together entail:

Py, (E)
Py, (E) + Py, (E)

>1/2
which is equivalent to Py, (E) > Py, (F), as desired.

Proof of 2 = 1: Left to reader. See [Chandler, 2013], Observation 5 for a
nearly identical claim.

g

Proof of Theorem 3: The proof of 1 = 2 is in the body of the paper. We
now prove 2 = 1 by contraposition. Suppose there is no ¢ > 0 such that
szl (E) =c- P;EQ (F) for all € ©. We must find a prior ) and a hypothesis
H C © such that Q(H|E) # Q(H|F).

We first claim there is some 6 € © such that PéEl (E)>0or PéE? (F)>0.
Otherwise, PéEl (E) = PéEQ (F)=0for all 8 € ©, and so szl (E) = c-PéE2 (F)
for all ¢ > 0, contradicting assumption.

So let v € © be such that either Py (E) > 0 or P22(F) > 0. Without
loss of generality, assume that PL2(F) > 0, and let d = P21(E)/PE2(F).
Clearly, d > 0. We consider two cases.

Case 1 (d=0): Thus, PX(E) = 0. So define Q to be the probability mea-
sure such Q(v1) = 1 and such that @ matches likelihoods. Then @ is clearly
well-defined, and Q(v1|F) is undefined (since Q(F) = Q(E|vy) = P, (F) =
0), whereas Q(v1|F) = 1 because Q(v1) = 1. Thus, Q(v1|E) # Q(v1|F), as
desired.

Case 2 (d > 0): Thus, P¥(E) > 0. Because there is no ¢ > 0 such that
PéEl (E)=c- P;EQ (F) for all § € ©, it follows there is some vy € © such that
PEV(E) # dPE2(F). Since d > 0, either P2 (E) > 0 or P22(F) > 0 (or
both). Consider two subcases.

Case 2a: Suppose P22(F) = 0. Then PE(E) > 0. So define @ so that
Q(v2) = 1 and so that @ matches likelihoods. Again, Q(v2|F') is undefined
(since Q(F) = Q(F|vg) = PE2(F) = 0), whereas Q(v2|E) = Q(v2) = 1. So
Q(v2|E) # Q(v2|F), as desired.

Case 2b: Suppose PE!(F) > 0. For brevity, let a; = Py'(E) and let b; =
P&?(F) for i € {1,2}. By assumption, b1,bs > 0. Pick any r such that
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0 < r < 1. Let @ be any measure that matches likelihoods and such that
r=Q(v1) =1—Q(v2). We claim that Q(v1|E) # Q(v1|F), as desired.

Suppose for the sake of contradiction that Q(vi|E) = Q(v1|F). By Bayes
theorem:

. alr
Q(U1|E) - arr + (12(1 — 7“) (1)
bir

bir +bo(1—1)"

Q(v1|F) (2)
Note the denominator of Q(v;|E) is positive because aj,r > 0 (by the
assumption of Case 2), and the denominator of Q(vi|F') is positive be-
cause by, > 0 (by the assumption of Case 2b). Thus, because Q(v;|E) =
Q(v1|F), we obtain that:

arr (bir +b2(1 — 7)) = rby(a1r +az(l—7)). (3)
Because by, by, 7,1 —r > 0, we can simplify (3) to show that:
al/bl = ag/bQ.

In other words, P (E)/PE2(F) = P2 (E)/PE(F) = d, contradicting
choice of vs.

Next, we prove 2 = 3. Suppose Q(H|E) = Q(H|F) for all hypotheses
H and @ matching likelihoods. We must show that Q(H1|EN(H; UH3)) =
Q(Hy|F N (Hy U Hy)) for all disjoint hypotheses Hi, H C © and all @
matching likelihoods. To do so, let Hy, Hy and @ be given. Then:
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Q(Hl N (E N (Hl U Hg))
Q(E N (H1 U HQ))
Q(EﬂHl)
Q(ENH;) +Q(EN Hy)
as HHNHy =10
B QUHL|E) - Q(E)
QUHL|E) - Q(E) + Q(H2|E) - Q(E)
_ QB
Q(H1|E) + Q(H2|E)
by canceling Q(FE)
QR
QUH:1|F) + Q(H2|F)
as E and F' are Bayesian posterior equivalent
= Q(H:1|F N (Hy U Hy))

reversing the above calculations

Q(HIIE N (Hl @] HQ)) =

Finally, we prove 3 = 2. Suppose that Q(H1|EN(H1UH2)) = Q(H1|FN
(H1 U Hy)) for all disjoint hypotheses Hy, Ho» C © and all Q) matching likeli-
hoods. We must show that E and F' are Bayesian posterior equivalent, i.e.,
that Q(H|E) = Q(H|F) for all hypotheses H and all ) matching likelihoods.
To do so, let H and @ be given. Then define Hy = H and Hy = © \ H.
Then

Q(H|E) = Q(H1|E) = Q(H1|ENO) = Q(H1|EN(H1UH2)) = Q(H1|FN(H1UH2)) = Q(H|F)

as desired.

5.2 Qualitative Theorems
5.2.1 Examples
For brevity, I abbreviate X|A <Y |A by X <Y below.

Lemma 1 Let < be a relation satisfying C1, C4, and C6’. If Y &€ N, then
XY <W|Y ifand only if XNY <WNY.
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Proof: To prove the left to right direction, we apply Axiom C6. Let A =
A=A;B=B=Y;C=XnNnY and ' =WnNY. Notice that C C BC A
and C' C B’ C A'. Because A = A’ and B = B/, it immediately follows
from the reflexivity of < that B|A < B’|A’. Further:

C|B = XnNYI|Y by definition of C&B
~ X|Y by Axiom C4
< WY by assumption
~ WNY|Y by Axiom C4
= ('|B’ by definition of C'&B’

So by Axiom C6’, it follows that C'|A < C'| 4, i.e., that XNY|Q2 < WNY|Q,
ie, that XNY <WnNY, as desired.

In the right to left direction, we prove the contrapositive. That is, sup-
pose that X|Y £ W|Y. Because the relation < is total, it follows that
WY < X|Y. One can then apply Axiom C6 in the same way we just did
to show that W NY < X NY. By the definition of the <, it follows that
XNY LW NY, as desired.

g

Proof of Example 3: For any H, CO entails that A|H = B|H if and only
if AJH ~ B|H. So by lemma 1 (which requires C4 and C6’), we knew
A|H = B|H if and only if ANH ~ BN H. Thus:
HIA<H'|A & HNA<HNAby Lemma 1
& HNB<HNBby{and Cl
&  H|B < H'|B by Lemmal

Proof of Example 4: Let < be an ordering such that AN H < BN H' <
BNH < AN H'. Then lemma 1 entails H|A < H'|A and H'|B < H|B.

5.3 Qualitative LL

Lemma 2 Assume Azioms C1 and C3-C6. If E|Hy < E|Hy and HHNHy =
0, then E|Hy U Hy < E|H;.

Proof: Suppose for the sake of contradiction that F|H; U Hy £ E|H;.
Since < is total, that entails that E|H; U Hy > E|H;. Define:
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A=H{UH, A= H{U H,
B=EnN(H UH) B = H,
C=FEnNH C'=FEnNH

Now B|A = Eﬂ(HﬂJHQ)‘HlUHQ ~ E|H1UH2 and O/|B/ = EﬁHﬂHl ~
E|H; by Axiom C4. Hence, B|A > C’|B’ by assumption of the reductio and
the transitivity of < (which is part of Axiom C1). Thus, if C|B > B'|A’,
then by Axiom C6, it would follows that C|A > C’|A" = C|A, contradicting
the reflexivity of < (which is part of Axiom C1). Thus, the totality of <
entails that C|B < B'|A’, i.e., that (x) ENH,|EN(HyUHy) < Hy|HyUHj.

Using the assumption that E|H; > E|H, analogous reasoning shows
that (xx) ENHy|HyUHs < Ha|Hy U Hs. Notice the inequality here is strict.
In greater detail, let

A=HUH, A= HyU H,
B:Eﬁ(HlLJHQ) B' = H,
C=FENH, C'=ENH,

Again, B’A =FEnN (H1 U HQ)’Hl U Hy ~ E’Hl U Hy and C/‘B/ =FEnN
Hy|Hy ~ E|Hy by Axiom C4. Now E|H;UHy > E|H; by assumption of the
reductio, and F|H, > E|Hy ~ C'|B’ by assumption. Hence, B|A > C'|B’
by the transitivity of < (which is part of Axiom C1). Thus, if C|B > B'|4’,
then by Axiom C6, it would follows that C|A > C’|A" = C|A, contradicting
the reflexivity of < (which is part of Axiom C1). Thus, the totality of <
entails that C|B < B'|A’, i.e., that (xx)ENHs|EN(HyUHs) < Hy|HyUHs.

Recall that H; N Hy = () by assumption, and so Axiom C5 and the
equations labeled (x) and (xx) together entail that

(E N Hl) U (Eﬂ H2)|E N (H1 U HQ) < HiU H2|H1 U Hs.
But Axiom C3 entails that
(Eﬂ H1> U (Eﬂ HQ)‘EQ (Hl U HQ) ~ Hi U HQ’Hl U Hsy

and so we've derived a contradiction.

Lemma 3

Lemma 4 If E‘Hl,E|H2 < E|H3 and Hy N Hy = @, then E|H1 UHy <
E|Hs.
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Proof: If E|H, < E|Hj, then F|H; U Hy < E|H3, by lemma 2. So
E|H, U Hy < E|Hs by transitivity and assumption that E|Hy < FE|Hj.
Similarly, if E|Hy < E|Hy, then E|H; U Hy < E|H; < E|Hs, by lemma 2
and assumption.

Because < is total, we know that one of the following three conditions
hold: (i) E|H; < E|Hs, (ii) E|Hy < E|H,, or (iii) E|H; ~ E|Hs. Since
we’ve derived the conclusion from the first two assumptions, it remains to
be shown that iii and the assumption entails that E|H, U Hy < E|Hs.

Lemma 5 Assume Azioms C1 and C3-C6. If E|Hy < E|Hy and HiNHy =
@, then H1|E N (Hl U Hg) > H1|H1 U Ho.

Proof: Suppose for the sake of contradiction that Hi|E N (Hy U Ha) %
Hi|H; U Hs. Then by the totality of < (i.e., Axiom C1), it follows that

T Hl‘Eﬂ(HlLJHQ) < H1|H1UH2

Define:
A= H{UH, A'=H,UH,
B =H; B/:Eﬂ(HlUHQ)
C=FENH C'=ENH

It follows that:

B|A = H1’H1 U Hsy

> Hi|E N (H, U Hy) by
NHlﬂ(Eﬂ(H1UH2))|Eﬁ(H1UH2) by Axiom C4
=FENH||EN(H;UH>) because H; N Hy = ()
— C/‘B/

By the transitivity of < (i.e., Axiom C1), we have B|A > C'|B’. Further:

C|B = En H|H,

~ E|H; by Axiom C4
> E|H, U H, by Lemma 2
~EnN (H1 U H2)|H1 U Hs by Axiom C4
— B/|A/

Again, by the transitivity of < (i.e., Axiom C1), we have C|B > B'|A’. By
Axiom C6, it follows that C|A > C'|A’ = C|A, contradicting the reflexivity
of < (i.e., Axiom C1). So we're done.
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Lemma 6 Suppose Hy and Hs are finite. If E|fs T E|0y for all 6, € Hy
and 0 € Ho, then E|Hy < E|H;

5.4 Qualitative LP

Lemma 7 Let < be an ordering satisfying C0, C1, C4, and C6’. Suppose
(1) Y1|Z1 ~ Y2|Zs, (2) Y115 X, and (3) YoLl3 X. Then X NZy < X
Zoifand only if X NY1NZ; < XNYyN Zs.

Proof: In the left to right direction, suppose X N Z; < X N Zy. We'll
apply Axiom C6 as follows. Let A= A" = A, B=XNZ, B = XN Zy,
C=XnYiNZ and ¢' = XNYyNZy. Then B|A = X N Z;|A and
B'|A" = X N Z5]A, and so by assumption, B|A < B’|A’. Further:

C|B = XnNYiNZ|XnNZ by definition of C&B
~ Y1|X N Z; by Axiom C4
~ Yi|Zias Y113 X
~ Ys|Zy by assumption (1)
~ YalXNZyas Yol X
~ X NYyNZ3lX NZy by Axiom C4
= ('|B’ by definition of C'&B’

Thus, by Axiom C6, it follows that C|A < C'|A’,i.e., XNY1NZ1 < XNY2NZs
as desired.

In the right to left direction, we prove the contrapositive. Suppose that
XNZy £ XNZy. Then by the totality of <, it follows that XNZy < XN Z.
Then just as in the left-to-right direction, we apply Axiom C6 to show that
XNYoNZy < XNY1NZy. From that it follows that XNY1NZ; £ XNYoNZs,
as desired.

g

Proof of theorem 5: Let < be any ordering in C and ~ its corresponding
equivalence relation. Lemma 1, Assumption 1, and CO together entail that

TANO~BNCyNOand ANn~BNC,Nn
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Thus:

DA< A <
<~
=
=

ANBO < ANn by Lemma 1
BNCynO <BNCyNn byt
BN6o < BnNnby Lemma 7
0|B < n|B by Lemma 1
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